Abstract. We propose a version of the Filippov Lemma for differential inclusions of the type 
Introduction
Differential inclusions of the form
where D is a differential operator, are natural generalizations of differential equations as well as ordinary differential inclusions. The theory of properties of such mathematical problems has been developing since the early seventies and has paid attention of many mathematicians. Most of the effort was concentrated for differential inclusions of the first order, while the inclusions of higher order are less examined. However lately we observe a remarkable amount of interest in this field and in the field of partial differential inclusions.
For ordinary differential inclusions with Lipschitz continuous right-hand side the main phenomenon was discovered by Filippov and Ważewski and shortly speaking it says that the solution set of
is dense in the solution set of the so called relaxed differential inclusion
where clcoA stands for the closed convex hull of a set A. The FilippovWażewski theorem has been generalized for differential inclusions of many types including higher order situations and partial differential operators, see cf [5] , [7] and others. In particular the authors have examined differential inclusions of the Sturm-Liouville type, Schrödinger type, BiLaplace type on a circle and the beam type. Achieving a Filippov-Ważewski type results is usually based on a version of Filippov Lemma. These type of lemmas give a construction of a solution of (1.1) which is sufficiently close to a given function.
In most of the proofs of Filippov Lemma type results for (1.1) there is used an integral form of the right inverse to the operator D. This means that there exists an integral kernel G (x, t) defined on [−1, 1] × [−1, 1] such that for every f the unique solution y of the equation
can be performed in the form
Having known that the operator R possess nonnegative Green's function we can attack such type of problems by the fixed points results. Namely, we have a standard equivalence that y = Rf is a solution of (1.1) if and only if
i.e. f is a fixed point of the operator F (·, Rf ) .
In the present paper we propose a version of the Filippov Lemma for differential inclusions of the type
This class of problems occurs in hydrodynamics and viscoelastic plates theory. The obtained result improves our previous considerations concerning Schrödinger operators for more regular right-hand side
By a solution of (1.2) with boundary conditions (1.3) we mean a function
We shall show that for any given f ∈ L 1 [−1, 1] the equation
with the boundary conditions ( function for all |k| < π. Despite of the fact that the linear differential equations are widely described in many publications since 1911 by Chazy, who seems to be the first attempting to classify all boundary value problems for third order ODE's, we have decided to present our considerations. The methods used are quite standard, however the way of exposition is original and give some generalization of famous Hilbert's identity [11] .
An ODE
We start with generic form of 3 rd order differential equation. Let
be a normed polynomial of the degree 3, with mutually different complex roots α, β, γ. Denote
where
with boundary conditions
By a solution we mean a function y ∈ W 3,1 [−1, 1] satisfying (2.1) and (2.2). Our considerations concerning the Green function we split into few steps. We start with describing it for double degenerate case of (2.1).
Case: α = β = γ = 0. Then the problem reduces to equation
Notice that the general solution of (2.3) is of the form
The boundary conditons y (−1) = y (1) = y ′ (1) = 0 are fulfilled when
dt,
Therefore the solution is given by
But the latter means that y (
and hence
are solutions of the system
This yields x = −t and therefore
what implies that
Case: α, β, γ are pairwise different. Below we present a result which is a modal decomposition of solution of (2.1) being a counterpart to Hilbert's spectral resolvent formula.
Proposition 1. Any solution of (2.1)
can be represented in the form
where the functions z, w, u ∈ W 1,1 [−1, 1] are solutions of
.
we have
and this implies that y ∈ H 2,1 [−1, 1] . Similarly we get
and
Plugging obtained formulas to (2.1) we have
Observe now that the initial conditions
are fulfilled if and only if
By the Remark this leads to
One easily observe that solutions of this system are in the form
Therefore in representation given by Proposition 1 we can assume that
Similarly for the problem
we get the solution
and for
Thus, by the introductory remarks, the equation (2.1) admits the family of solutions
Now the condition y (−1) = 0 yields
and therefore finally
In the sequel we are going to examine some limit properties of G(α, β, γ, x, t). We shall begin with the function
locally uniformly in x ∈ R.
P r o o f. Observe first that
For n ≥ 3 we have
Hence for 0 < |α| , |β| , |γ| ≤ r we have the inequality
Thus for 0 < |α| , |β| , |γ| ≤ r and |x| ≤ R we get
This gives the required limit and completes the proof. Now we are ready to present the limit property for G (α, β, γ, x, t). Namely, we have 
Case: γ = 0. Then we have the equation
with boundary condition (2.2). But in this case
i.e., (2.7) posses the solution y (
Moreover, one can check that
Therefore in the case of β = α we have
t) .
Thus the Green function is real. Case: α = ki, β = α = −ki, γ = 0 with 0 < |k| < π. Now we have to consider a differential equation
with boundary conditions (2.2). This problem posses the solution
where the Green function is the following
From the above form one can easily notice that for 0 < |k| < π the integral kernel is nonnegative and
We claim that
To see this observe that for −1 ≤ t ≤ x ≤ 1 we have
Hence, by Lemma 1, we have
Now, applying Lemma 2, we obtain
Thus we have proved the following Proposition 3. Assume that 0 < |k| < π. Then for the Green function G k (x, t) for the problem (2.9) with boundary conditions (2.2) we have
locally uniformly in x, t ∈ R.
As an easy consequence of the above result one can deduce that Corollary 1. Assume that 0 ≤ |k| < π and let y = Rf = R k f be the solution of (2.9) with boundary conditions (2.2) . Then
A Filippov Lemma
The nonnegativity of the Green function for 0 ≤ |k| < π is the main tool in considerations concerning an existence of solution for the problem (3.1)
We shall pose the following assumptions on
, where cl (R) stands for the family of all nonempty compact subsets of R :
dt be the right inverse to the differential operator Dy = y ′′′ + k 2 y ′ with the boundary conditions (2.2). Introduce the iterated integral kernels
where m ∈ L 1 [−1, 1] is the Lipschitz constant given in Condition 1. Now an easy induction argument shows the following:
The main result of the paper is the following 
be an arbitrary function such that we have
. Then there exists a solution y = Ru ∈ W of (3.1) and (3.2) such that
a.e. in [−1, 1] and
P r o o f. We begin with an observation that for every φ ∈ C [−1, 1] the multivalued mapping x → F (x, φ (x)) is measurable with compact values and integrably bounded by a + m |φ| , i.e.
The measurability of x → F (x, φ (x)) is obvious. Therefore the Castaing Theorem yields the existence of measurable functions {f n } n∈N such that
Observe that for every n ∈ N we have
what shows (3.6). Take any u ∈ L 1 [−1, 1] and denote by
what in virtue of nonnegativity of R means that
In what follows we shall adopt the Filippov technique with some necessary changes.
Starting up with u 0 we choose u 1 ∈ K (u 0 ) such that
and observe that Corollary 1 yields the inequality
By (3.7) there exists u 2 ∈ K (u 1 ) such that
and notice that, applying Corollary 1 again, we get
Having already constructed y n−1 and u n ∈ K (u n−1 ) such that Taking in the previous inequality for n = 0 and passing to the limit with k we obtain relations (3.4) and (3.5). Moreover, since u n+1 (x) ∈ F (x, (Ru n ) (x)) and F is Lipschitz continuous in y, we have u (x) ∈ F (x, (Ru) (x)) a.e. in [−1, 1] .
Checking that just constructed function y = Ru satisfies the required conditions is straightforward.
